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*ROJECT 
SPHERE 


ORTHOGRAPHIC, STEREOGRAPHIC 
and GNoOMONICAL, 


Both Demonſtrating the Principles, and Explaining . 
the Practice of theſe three ſeveral Sorts of Projection. 
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HE Projection of the Sphere, or of its Circles bas 
the ſame Relation to Spherical Trigonometry, that 
perractical Geometry bas to plane Trigonometry. For 
as one ſaves a deal of Calculation, by drawing a few 
right Lines, fo does the other by drawing a few Circles. 
The Projection of the Sphere gives a Learner a good 
Idea of the Sphere and all its Circles, and of their ſeve- 
ral Poſitions to one another, and conſequently of Spherical 
Triangles, and the Nature of Spherical Trigonometry. © 
I have here delivered the Principles of three forts of 
Projection, in à ſmall Compaſs ; and yet the Reader will 
find here, all that is eſſential to the Subject, and yet no- 
thing ſuperfluous. For I think no more need be ſaid, or 
indeed can be ſaid about it, to make it intelligible and prac- 
licable. For here is laid down, not only the whole Theory, 
but the Practice likewiſe. Yet the practical Part is en- 
tirely diſengaged from the Theory ; ſo that any Body tbo 
he has no Defire or Leiſure to attain to the Theory,) may 
nevertheleſs, by help of the Problems, make himſelf Maſter 
of the Prattice. For which End 1 have endeavoured to 
make all the Rules relating to Practice, plain, ſhort, 
and eaſy, and at the ſame Time full and clear. 
It is true the Solution of Problems this way, muſt be 
allowed to be imperfect; for there will always be ſome 
Errors in working, as well as in the Inſtruments we work 
with. But no Body in ſeeking an accurate Solution to a 
Problem, will truſt to a Projection by Scale and Compaſs ; 
ts A 2 | becauſe 
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becauſe this cannot be depended on in Caſes of great Nicety. 
Yet where no great Exatineſs is required, it will be found 
very ready and uſeful ; and beſides, will ſerve to prove ® 
and confirm the Solution obtained by Calculation. VV 
But then this Defect is abundantly recompens'd by the 
Eafineſs of this Method. For by Scale and Compaſs on- 
ly, all Sorts of Problems belonging to the Sphere, as in 
Aftrotomy, Geegraphy, Dialling, &c. may be ſolved with  ®, 
very Mittle Trouble,-which require a great teat of Tims 
and Pains, to work out trigonometrically by the Tables. 


i 


I likewiſe affords a great Pleaſure to the Mind, that one 


can, in a little Time, deſcribe the whole Furniture of 
Hetrven and Earth," and repreſent them to the Eye, Th a 
But iis principal Uſe is for ſuch Perſons (and that is by 
far ibe greater Number) as having no Opportunity for 


learning ſpherical Trigonometry, have yet a Defire to re- 


ſalve fome Problems of the Sphere. For ſuch as theſe, 
this ſmall Treatiſe will be of particular Service, becauſe 
the practical Rules, eſpecially of any one ſort of Projettt= 
on, may be learn'd in a very little Time, and are eafily re- 
membered: So that I have ſome Hopes L. ſhall pleaſe all 
my. Readers, whether theoretical or practical. 
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Plane of that Circle. 
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SPHERE in PLANO. 


* 
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1. NNO FECTI ON of the Sphere is the repre- 
ſenting its Surface upon a Plane, call'd the 
Plane of Projection. | 5 


2. Orthographic Projection, is the drawing the 


Circles of the Sphere upon the Plane of ſome great 


Circle, by Lines perpendicular to that Plane, let fall 


from all the Points of the. Circles to be projected. 


3. The 1 hroan Projection, is the drawing the 

phere upon the Plane of one of its 
great Circles, by Lines drawn from the Pole of that 
great Circle to all the Points of the Circles to be pro- 


jected. 


4. The Gnomonical Projection, is the drawing the 
Circles of an Hemiſphere, upon a Plane touching it 


- 


in the Vertex, by Lines. or Rays iſſuing. from the Cen- 
ter of the Hemiſphere, to all the Points of the Circles 
to be projected. OR 

5. The Primitive Circle is that on whoſe Plane the 


Sphere is projected. And the Pole of this Circle is 


called the Pole of Projection. The Point from whence 
the projecting right. Lines iſſue is the prejecting Point. 

6. The Line of Meaſures of any Circle is the com- 
mon Interſection of the Plane of Projection and an- 


other Plane that paſſes thro' the Eye, and is perpen- 


dicular, both to the Plane of Projection and to the 


4 3 SCHO- 


PROJECT 1ON of the SPHERE, Ge. 


SCHOLIUM 


There are other Projections of the "TRY as the 
Cylindrical, the Scenographic which belongs to Per- 
ſpective, the Globical which belongs to Geography, 1 
Mercators for which ſee Navigation, Sc. 4 
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AXIOM 


The Place of an) viſible Point of the Sphere upon 
the Plane of Projection, is where the wn Line 
cuts that Plane. 
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: 22G If the Eye be d to the 1 Point, 
it will view all the Circles of the Sphere, and every 
Part of them, in the Projection, Juſt as they appear 
from thence in the Sphere itſelf. 

Schol. The Projection of the Sphere is only the 
Shadow of the Circles of the Sphere upon the Plane 
of Projection, the Light being in the Place of the 
Eye or projecting Point. 25 
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Ir b F right Line AB is projected upon 4 Plane, it is FI G. 


- Projeed into a right Line, and it's Length will be 3. 
8 1350 the Length of the Projettion, as Radius to the 
4 = Cofine of it's Inclination above that Plane. 4 88 


For let fall the Perpendiculars Aa, B upon the 
Plane of Projection, then a+ will be the Line it is 
projected into, but by Trigonometry AB is to A o 
or ab: : as Radius: to the Sine of B or Coſine of 
V WY W 
Cr. 1. If a right Line is projected upon a Plane, 
parallel thereto, it is projected into a right Line pa- 
rallel and equal to itſelf. 8 
Cor. 2. If an Angle be projected upon a Plane 
which is parallel to the two Lines forming the Angle; 
it is projected into an Angle equal to itſelf. 

Cor. 3. Any plane Figure projected upon a Plane 
parallel to itſelf, is projected into a Figure ſimilar and 
equal to itſe f EM | 

Cor. 4. Hence alſo the Area of any plane Figure, 
is to the Area of it's Projection: : as Radius to the 

_ Coline of its Elevation or Inclination. | | 


Orthegraphic. PROJECTION | 
FIG. 


PROP. Ii. 


A Circle perpendiculi 7o the Plane if Projection is 
JN into a right 1 Line y_ to its Diameter. 

For projedting Lies ORE, Kok all 0 Points 
of the Circle fall in the common Section of the Planes 
of the Circle and of Projection; which is a right Line 
by Eucl. XI. 3, and equal to the Diameter of the 
": the 2 8 Interſect 1 in that Diameter. 

Cor. Hence any — Figure, perpendicular to the 
Plane of Projection, is projected into a right Line. 
For the Perpendiculars from every Point, will all fall 
in the common I of the Figure with the 
1 of * 1 
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PROP. m. ben N 


EY” Gel parallel to the Plane of Projetie 16 projected 
into a Circle To” to ſelf, and concentric rand the Pri- 


PO, 


* BaD be the Circle, I its Cons ; © 3 8 
of the Sphere, the Points IL. B, O, D, are projected 
into the Points C, L, F, G, and therefore O LC F, 
and BIC L. are rectangled Parallelograms. g Conte. 
quently LC=BI= OI=FC, by Eucl. I. 34. Q. E. D. 

Cor. The Radius CL or C . is the Coſine of the 
Cirele's Diſtance from the Primitive. For it is the 
Sine of AB. 5 


e e ia 


5 inelin 4 Circle it Projetted into an Els wth | 
trarfonſe Axis is the Diameter of the Circle. = 


I, 


Let AD BH be the 1 Girale, P its 3 5 


and let! it be projected into adbb, draw the Plane 
7 85 A BF Ca 


4," 


bet . — +> a 


of te SPHERE: 


pendicular to the Plane of the given Circle and Plane 
of Projection, to interſe& them in the Lines AB, 
253; draw GPH, DE, perpendicular, and D Q pa- 
JF rallel to AB; then becauſe the Line GP, and the 
Plane of Projection are both perpendicular to the Plane 
ABF; therefore GH is parallel to the Plane of Pro- 
Jection, and therefore to gb. In the Circle ADB, 
D SGQH== gb. and BP'=GP*=gp*.. And 
(by Zac. XI. 17.) BP: EP or DQ:: 4p : ep or dg. 
r. and BP“: DO:: 4/*: FU that is gp* : gqh :: : 
a, and therefore ag & & is an Ellipſis, whoſe Tranſ- 
verſe gh is the Diameter of the Circle. Q. E. D. 
Cor. 1. Since a b is perpendicular to gh, therefore 
ab is the conjugate Axis; and is twice the Sine of the 
AB to the Radius gp. That is the conjugate Axis 
is equal to twice the Coſine of the Inclination, to the 
X Radius of the Circle. n 
Cor. 2. The tranſverſe Axis is equal to twice the 
Coſine of its Diſtance from its parallel great Circle. 
For gþ=G H=2A P twice the Sine of AK. _ 
; Cor. 3. The Extremities of the conjugate Axis are 
diſtant from the Center of the Primitive, by the Sines 


of the Circles neareſt and greateſt Diſtance from the 


Pole of the Primitive. Thus à C is the Sine of AN, 
Err is 4 nor emettt 
Cr. 4. Hence alſo it is plain that the conjugate 
Axis always paſſes thro*/ the Center C of the Primi- 
_ and is always in, the Line of Meaſures of that 

ircle. e 


5 


ib en H. IU M. : 

Every Circle in the Projection repreſents two equal 
Circles, parallel and equidiſtant from the Primitive. 
Every right Line repreſents two Semi-circles, one to- 
wards the Eye, the other in the oppoſite Side. Every 
Ellipſis repreſents two equal Circles, but contrarily 
inclin'd as AB, CD; ane above the Primitive the 
blen e l 7 cs ot, 


£4 „„ nn 


2. 


| FORE; 3 
F ABF Ca through the Center C of the Sphere, per- FIG. 


6 


 Obthigriightc PR6 mor rox 


FT G. And now the Theory being laid down, it remains 


only to deduce thence, ſome ſhort Rules for 0 9 
as fol lous. | 1 

+ OP. V. Nu r. 
2 0 OO: a Girele parallel o the Primitive. 


45 R_ LE 101795 
"Take the Complement of its Diſtance from 70) 1 
Primitive, and ſet it from A to E; and with the Cen- 
ter C and Radius CD= perpendicular EF, deſcribe 1 
the Circle Dg G. .Y 
By be "EM Seat. — # 

Take the Sine of its Diſtance from the Pole of the I 
Primitive ; with that Radius and. the Center C de- y 
ſcribe he Circle. 2 


PN P. VI. PN. 
To projet? a right Circle, or one that is perpendicular t to 


the Plane of Projection. 


N 5 006 0h 


Through the Center C of the Pritnitive, dn the 
Diameter A B, and take the Diſtance from its paral- 
lel great Circle, and ſet from A to E, and from B to 
= and draw ED, the right Circle required. 


By the Scale. 


Take the Sine of the Circle's Diſtance from its pa- 
rallel great Circle A B, and at that Diſtance draw a 


een E for the Circle required. 
„ PR ., VI. aA: 
7 0 projet a given oblique Gree, 75 


Rub L . 


Dns the Line of lunes AB, 1 take the Cir 
_ cles 


0 


7 A SPHERE. 
mains 
nes to D upwards, if it be above the Primitive, or 
ſtance, and ſet from A to E, and draw F D, and let 
fall the Perpendiculars E F, DG; and biſſect FG 
i in , and erect the Perpendicular K HI, making 
| 1 4 K H=HI1= half ED, then deſcribe an Ellipſis (by 
the Conic Sections) whoſe Tranſverſe is I K and con- 
the jugate FG; and that ſhall repreſent the Circle given: 


220, 205 , e e SCAM; 


3 1 the Line of Meaſures A B; and take the 
X Sines of the Circle's neareſt and greateſt Diſtance from 
the Pole of the Primitive, and ſet them from the 
Center C to F and G, (both ways if the Circle en- 
 X compaſs the Pole, but the ſame way if it lye on one 

ſide the Pole,) biſſect FG in H, and erect H K, HI 
perpendicular to F G, and equal to the Radius of the 

' XX Circle given, or the Sine of its Diſtance from its own 
8 | Pole ; about the Axes FG, K I deſcribe an Ellipſis, 


and tis done. 
68.0 H O L & Þ M. 
An Ellipſis great or ſmall may be deſcribed by 


0 7 Ellipſis draw BD L the tranſverſe A R, and on AR 
Ierect a ſufficient Number of Perpendiculars LE, 14, 

Sc. and make as DB or DA: DE:: IK: IF:: 
oF *#: 3f, Sc. then thro' all the Toons E, F, , Ce. 
draw a Curve. 


PROP. VIII. Pon. 
7 0 = the Pol of a given Ellpfe. 


I 


0 Thio- the center of the Primitive C draw the Con- 
5 e jugate 


7 downwards, if below; likewiſe take its greateſt Di- 


Points, thus; thro? the Center D of the Circle and 


7 


| cle's neareſt Diſtance from the Primitive, and ſet from FIG. 


10. 


8 


F IG, j Jugate of the Ellipſis; on the extream Points F, G G, | 
7. 


8. 


io fall RP bay to A B, then is P the Pale. | | 


take the Sine of half the Sum of theſe Degrees, if | | 


8 pro JECTION 


_ the Perpendiculars FE, G D; or ſet the Trank 
verſe IK from E to D, and piſſect E D in R, and 


By the Scale. 


Take CF, and C G, and t 
2 the Degrees anſwering. or the Supplements; che 1 


F, G be both on one ſide of C, or the Sine of half 
the Difference, if they lie on contrary ſides; and ſet 
it from C to the Pole P. 1 

Or thus, Apply the Semi-tranſverſe IH to the 1 
Sines, and ſet the Degrees from E to R. I 


PROP. IX. Pros. 


1; : ins 2 e an Arch a paralle Grele 3 or to FA 
wee Degrees . e open 


»& +. 4 4 0 5 0 2 


| Wich the Radius of the Parallel, and one Foot in | 
C deſcribe a Circle Gg, draw C GB, and Cg; then 
Be will meaſure the given Arch Gg, or Gg: will 
contain the given Number of Degrees ſet from B to 6. 
Fa that either being Wen B the other. 


e- 3 ö ; þ 4 * 


PROPCX. Pros. b 
25 0 meaſure any Part of a right PS 


R U. L. E. 


In the ads Circle ED, Er EA=AD, and let 
AB be to be meaſured : make C FAE; with ex- 
tent BA=FG deſcribe the Arch GI; draw CG K 
to touch it in G then is HK the Meaſure of AB. 
Fer F.G=S. HCE to the Radius C F or AE, 


A is the ſame, b Cor. Fr. I. 
and B Y III. Otherwiſe 


of te S PH E RE. — 


' F 16. 
EO - Otherwiſe thys. © | 8. 
ran. On the pn ED deleribe che Semi- circle 
and END, draw AN; BO; LP perpendicular to E P. 
"ole, | then ON is the Meaſure of B A, and NP of AL: 
and O N or N P may be meaſured as in Prop. IX. 
and 1 Or 2 by the Scale. 
7 5 Let AL be meaſured, draw CD, and LM an 
* 1 lel to AC, then' CM apply'd to the Sines gives the 


| for Degrees. For Radius CD: A D:: CM: AL. 

= or. If the right Circle paſs thro? the Center, there 
DYE is no more to do, but to raiſe Perpendiculars on it, 
wich will cut the Primitive, as required. Or apply 
the Part of the right Circle to the Line of Sines. 


3 1 PROP. XL Pros. 

p E 1 ö Is 40 g any Number of arch upon a right Grele, De. 

1 | X U E. K. NS ch 
3 C AL E D, and make the LHCK= the 8. 
Degrees given, make C F= Radius A EF, take BG 


the neareſt Diſtance, and ſet from A to B: then A 
=L HC K, the Degrees propoſed. 


Otberwoiſe thus. 


On ED deſeribe the Semi- circle END, then by 
Prop. IX. ſet off N P= Degrees given, draw PI. 
perpendicular to E D, then AL contains the De- 
Srers required. 


W» | Or thus by the Saale 


Draw ob, take the given Degrees off the Sines, 
"ad ſer from C'to M, and draw ML parallel to C A, 
then AL= Arch required. | 855 


0 — * 


411 2 PROP. 


= = 0 


10 Orthographic Pxoj nc To &c. 
FIG. | | 


RO P. XIL "Pros 
To meaſure an Arch of an Ellipfs, or to ſet any Mem- 


ber of Degrees upon it. 
9. About A R the tranſverſe Axis of the Ellipſis de- 
10. ſcribe a Circle ABR; erect the Perpendiculars 
BED, K Fl, on AR; then BK is the Meaſure of 
EF, or EF is the Repreſentation of the Arch BK; 
and BK is to be meaſured, or any Degrees ſet upon 
it, as in Prop. IX N 
| 8S8CHOLIU M. N 
Theſe Problems are all evident from the three firſt 
Propoſitions, and need no other Demonſtration. If 
the Sphere be projected on any Plane parallel to the 
Primitive, the Projection will be the very ſame; for 
being effected by paraltel Lines, which are always at 
the ſame Diſtance, there will be produced the ſame 
Figure or Repreſentation. Of all Orthographic Pro- 
jections, thoſe on the Meridian or on the Solſtitial 
TColure commonly called the Analemma is moſt uſe- 
ful, becauſe a great many of the Circles of the Sphere 
fall into right Lines or Circles; whereas in the Pro- 
jections upon other Planes, 8 are projected into 
Ellipſes, which are hard to deſcribe, which makes 
theſe Sorts of Projection to be neglecte. 
And by the ſame Rules that the Circles of the 
Sphere are projected upon a Plane, any other Figure 
may likewiſe be orthographically projected, by let- 
ting fall Perpendiculars upon the Plane from all the 
Angles, or all Points of the Figure, and joining theſe | 
Points with right or curve Lines, as they are in the 
Figure itſelf. J) I EX Th oats 
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PROP. I. 


4 N Circle paſſing thro the arojefling TR 7s xxo 
jected into a right Line. | 


For all Lines e 4 the projecting Point t to 
this Circle, paſs thro' the Interſection of this Circle 
and Plane of Projection, which is a right Line. 

Cor. 1: A great Circle paſſing thro the Poles of FIG. 
the Primitive is. projected into -a right Line paſſing 12. 
thro the Center.. | 

Cr. 2. Any Circle FH thro? the projecting 
Point is projected in a right Line perpendicular to the 
Line of Meaſures, and diſtant from the Center, the 
Semi-tangent of its neareſt Diſtance from the Pole 
oppoſite to the projecting Point. Thus the Circle AE 
is projected into a right Line paſſing thro? G, and per- 
pendicular to B C the Line of Meaſures, and GC is 

hs Sen "gs of E NM. 


ET, 1 R OP. 1 
2 Gree (7 22 Paſſes not thro the projecting Point) 
* 1 into a Crete, rg 15 | 


4 


12 Stereograßbic PRojECTION 
FIG. Case I. Let the Circle E F be parallel to the Primi- 
11. tive BD; Lines drawn to all Points of it from the 
projecting Point A, will form a Conic Surface, which 
being cut parallel to the Baſe by the Plane B D, the 
Section G (into which E F is projected) will be a 
Circle by the Conic Sections. „ 
Caſe II. Let BH be the Line of Meaſures to the 
Circle E F, draw F K parallel ta B D, then Arch AK 
AE, and therefore L A FK or AH GS AEF; 
therefore in the Triangles A EF, AG H, the Angles 
at E and H are equal, and the Angle A commen; 
therefore the Angles at F and G are equal. There. 
fore the Cone of Rays AEF (whoſe Baſe EF 
is a Circle) is cut by ſub-contrary Section, by the 
Plane of Projection BD, and therefore, by the Co- 
nic Sections, the Section G H (which is the Projecti- 
on of the Circle E F) will alſo be a Circle. Q E. D. 


e 


8 3 5 To 5 ; 4 . ; 8 paper is > : & 1 9, 7 
12. Any Point on the Sphere's Surface is projeted into a 
Point, diſtant from the Center, the Sgmi tangent of its 
- - 1 Diſtance from the, Pole oppoſite to the projetting Point. 


Thus the Point E is projected into G, and F into 
15 and CG is the ſemi- tangent of EM, and CHof 
Cr. A great Circle perpendicular to the Primitive 
is projected into a Line of ſemi-tangents paſſing thro! } 
the Center. For MF is projected into CH its ſemi- 
tangent, and E M into the ſemi-tangent CG. {| 


12. 


3 


PROP. IV. offs. 

The Angle made by two Circles on the Surface of the 

Sphere is equal to that made by their Repreſentatives upon 
ile Plane of. Prge sn. 

Let the Angle BPK be projected. Thro? the An- 

gular point P and the Center C, draw the Plane of a 


3 


65 


* © JV 


SPHERE 


great Circle PE D perpendicular to the Plane of Pro- F1G. 


jection EFG. Let a Plane P HG touch the Sphere 
in P; then ſince the Circle EPD is | of bare ny 
both to this Plane and to the Plane of Projection, 
therefore it is perpendicular to their Interſection G H. 
The Angles made by Circles are the ſame as thoſe 
made by their Tangents, therefore in the Plane PGH, 
draw the Tangents PH, PF, PG to the Arches, 
PB, PD, PK; and. theſe will be projected into the 


Lines pH, pF, pK: Now I fay the LHPG= 


CHpG: For the Angle CP F= a right Angle = 
CpA+CAp; therefore taking away the equal Angles 
CPA and CAP, and ZpP F=CpA or Pp F; con- 
ſequently p FP F. Therefore in the right-angled 
Triangles PFG and p F G, there are two Sides equal 
and the included , right; therefore Hypothenuſe 
PG=pG.. And for the ſame Reaſon in the right- 
angled Triangles PFH and pFH, PH=pH. 
Laſtly in the Triangles P HG and pH G, all the 
1 are reſpectivelꝝ equal, and therefore ¶ Pp. 
SI 1. The rumb Lines projected make the ſame 
Angles with the Meridians, as upon the Globe; and 
therefore are logorithmic Spirals on the Plane of the 


Equinoctial. For every Particle of the rumb coin- 


cides with ſome great Circle. 1 ; 
Cor. 2. The Angle made by two Circles, on the 
Sphere is equal to the Angle made by the-Radii of 


their Projections at the Point of Interſection. For 


the Angle made by two Circles on a Plane is the ſame 
with that made by their Radii drawn to the Point of 


. 


Interſection. N 
e eee eee, e 
De Center of a projected (leſſer) Circle perpendicular 


10 the Primitive, is in the Line of Meaſures diſtant from 


the Center of the Primitive, the Secant of the leſſer Cir- 


de Diſtance from its own Pole; and its Radius is the 


Tangent of. that Diſtance. 


13 
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Stereographic PROJECTION 


Let A be the projecting Point, E F the Circle t 
be RG H the Gl Diameter. Pee 1 
the Centers C, D draw CF, DF, and the Triangles 
CFI P 4 right angled at I; then IFC = = 
ZFCA=2Z FE A'or 2FEG=22 FHG= 2 FDG, 
therefore FFC+IF D=FDG+IFD=a right pgle 
that is CFD is a right Angle, and the Line CD. is 
the Secant of BF, and the Radius FD is the Tan- 
r e 
© Gor. If theſe Circles be actually deſcribed, 'tis Plain 
the Radius FD is a Tangent to the Primitive at F, 
where the leſſer Circle cuts it. is 


PRO r. VI 


* 


mt 


We Center of Projection of a great Circle is in the 
Line of. Meaſures, diftant from the Center of the Primi- 
tive, the Tangent of its Inclination. ta the Primitive; and 
its Radius is the Secant of its Inclination, © 


Let A be the projecting Point, EE the great Cir- 
cle, G l che pwſected Piarneter, D ny Center; 
draw D A. IL f Angle EA F being in a Semi- 
on is right. In the right-angled Triangle G AH, 
Ae is perpendicular to GH, therefore C G A C= 
AH C and their double, ECB=ADC, and their 
Complements ECI=CAD. Therefore CD is the 
Tangent of E CI and Radius AD its Secant. Q. E. D. 
(,. 1. If the great oblique Circle AGBH be ac- 
tually deſcribed upon the Primitive AIB. I fay all 
great Circles paſſing thro? G will have the Centers, of 
their Projections in the Line RS drawn thro' the 


Center D, perpendicular to the Line of Meaſures 1 H. 


For ſince all great Circles cut a ſemi-circle*s Diſtance, 
all Circles paſſing - thro? G muſt cut at the oppolite 
Point. H? and therefore their Centers muſt be in the 
© Gor. 2. Hence alſo if any oblique Circle GL. H be 
N to make any given Angle with aber 


ich re. 


A F, it will be projected the ſame way wi 


a | "te SPHERE _ 15 
grad to G A H conſider'd as a Primitive, and RS its FIG. 
Fine of Meaſures; as the Circle BGA is on the Pri- 16. 
mitive BIA, and Line of Meafures ID. And there- 
fore the Tangent of the Angle AG L to the Radius 
60, ſet from D to N, gives the Center of G L. 
For the Z. N GD will then be equal to A GL, by 
Cor. 2. Prop. IV. and therefore G LH is rightiy 
projected. 3 8 
Cour. 3. And for the ſame Reaſon, if N be the 
Center of the Circle Gg HR, the Centers of all 
Circles paſſing thro' g and R, will be in the Line 
Ns perpendicular to RS; fo u is the Center of 
er R. But then as g, R do not repreſent oppoſite 
Points of the Circle Gg H, therefore all Circles paſſ- 
ing thro' g, R, (as gr R) will be leſſer Circles, ex- 
x cept Go HR. | . 1 
7 „„ 
Dye projected Extremities of the Diameter of any Circle 
are in the Line of Meaſures, diſtant from the Center of 
ile primitive Circle, the Semi-tangents of its neareſt and 
= greateſt Diſtances from the Pole of Projection oppoſite to 
be projecting Point. 3 THE 


For the Diameter of the Circle EF is projefted x 6; 
into G H, from the projecting Point A. But GC is 17. 
the Semi · tangent of E B, and CH the Semi-tangent 
%%X © 
Cor. 1. The Points where an inclined great Circle 1 5. 
cuts the Line of Meaſures, within and without the 
Primitive, is diſtant from the Center of the Primi- 
tive, the Tangent and Co- tangent of half the Com- 
plement of the Circle's Inclination to the Primitive. 
For CG= Tangent of half E B, or of half the 
cn 88 of IE => E And (becauſe 
e 2 is right) CH is the Co- tangent of 
GAC er half E R. Bude 353500 * . 
© Gr. 2. Hence the Center D of a projected Circle, 17. 
is in the Line of —— diſtant, from the Center of 18. 
. 2 | | The 


16 


” 
+». 5 


17. 


19. 


19. 


8 
2 1 


& * 
* WW 


Stereographic Po) non 


FIG. the Primitive, half the Difference of the Semi- tan- 


gents of its neareſt and greateſt Diſtance from the op- 
pou Pole, if it encompaſſes that Pole; but half the 
Sum of the Semi-tangents if it lie on one Side the 
Pole.of Pigeon. RE TE 
Cor, 3. And the Radius is half the Sum of the 
Semi- tangents if the Circle encompaſſes the Pole, or 
half the Difference if it lies on one Side. ... 
Cr. 4. Hence alſo if p, q be the projected Poles, it 


will begG:pG::qH:pH. 


* 


For draw Cn parallel to'q A, and ſince P. Q are 
the Poles, therefore q A.p is a right Angle, and ſince 
the Angles GAp and p AH are equal, and Gn per- 


endicu ar to Ap, therefore GA = An; whence by 7 
imilar Triangles qG:qH:: An or AG: AH:: 


Sp, pH (Eu. VI. 3.); and conſequently the Line F 


2H is cut horomonically in the Points G, p. 


Type projected Poles of any Circle are in the Line of | 


Meaſures, within and without the Primitive, and diſtant 


clination to the Primitive. | | 

The Poles P, p of the Circle E F are projected in- 
to D and 4; and CD is the Tangent of CAD or 
half BCP, that is of half G CI the Inclination of 
the Circle I CK parallel to EF. Likewiſe C4 is the 
Tangent of CA d, or the Co tangent of CAD. 


* 


From its Center the Tangent and Co-tangent of half its In- | 


Cor. 1. The Pole of the Primitive is its Center; 
and the Pole of a right Circle is in the Primitive. 
Cor. 2. The projected Center of any Circle is al- 
ways between the projected Pole (neareſt to it on the 
Sphere) and the Center of the Primitive; and the 
projected Centers of all Circles lie between the al 


jected Poles. For the middle Point of E For its Cen- 


ter is projected into 8; and all the Points in Pp (in 
which are all the Centers) are projected into Dd. 
. Cor. 


4 


„ K © | FRE.) 


== 3 1D 3 


21 of the 8 P HE R E. 


Ci. 3. If P be the projected Center of any Circle FIG. 


E F G, any right Lines E G, F H paſſing thro” P will 


intercept equal Arches EF, GH. For in any Circle 
of the Sphere, any two Lines, paſſing thro' the Cen- 
ter, intercept equal Arches; and theſe are projected 


into right Lines, paſſing thro' the projected Center P, 
and therefore E F, G H, repreſent equal Arches. 


ws mag BP; Ro Outs: IX ric | 
If EFGH, efg b repreſent two equal Circles, 
whereof E F G is as far diſtant from its Pole P, as ef g 
is from the projecting Point. I ſay any two right Lines 
(e EP, and f F P,) being drawn thro P, will intercept 
equal Arches (in Repreſentation) of theſe Circles; on the 


ame Side, if P falls within the Circles; but on the con- 


trary Side, if without : That is E Fe f, and G Hb. 


For by the Nature of the Section of a Sphere; any 
two Circles paſſing thro* two given Points or Poles on 
the Surface of the Sphere, will intercept equal Arches 
of two other Circles equi-diſtant from theſe Poles. 
Therefore the Circles E FG and ef g on the Sphere 
are equally cut by the Places of any two Circles paſſ- 
ing thro' the projecting Point and the Pole P, on the 
Sphere. But theſe Circles (by Prop. I.) are projected 
into the right Lines Pe and Pf, paſſing thro' P; and 
the intercepted Arches repreſenting equal Arches on 
the Sphere, are therefore equal, that is E Fre f, and 
„ ee 

Cor. 1. If a Circle is projected into a right Line E F, 
perpendicular to the Line of Meaſures E G; and if 
from the Center C a Circle ef P be deſcribed paſſing 
thro' its Pole P, and PF be drawn; then Arch ef = 


EF. And if any other Circle be deſcribed whoſe. 


vertex is P, the Arch ef will always be equal to E F. 


_ - Cir.2. Hence alſo if from the Pole of a great Circle 
there be drawn two right Lines, the intercepted Arch 
of the projected great Circle will be equal to the in- 


tercepted Arch of the Primitive. 
wiT | B 3 | Cor. 


20. 


20. 
21. 


22. 


1 8 


FIG: Cr. 3. After the ſame manner, if there be two 3 
23. equal Circles E F, ef, whereof one is as far from the 
24. Pole Pas the other is from the Pole of Projection C, 

oppoſite to the projecting Point. Then any Circle 
drawn thro' the Points P, C, will intercept equal! 
Arches E Fx=ef; and G Hg b, between it and the i 
Line of Meaſures PCG. For this is true on the 
Sphere and their Projections are the ſame. —_ 
Cor. 4. If from an angular Point be drawn two right 
Lines thro' the Poles of its Sides; the intercepted 
Arch of the Primitive, will be equal to that Angle, 
for the Diſtance of the Poles is equal to that Angle. 
SD ve PP ROE Park, 
23. F QU, NK be two equal Circles, whereof NK is 
26. #5 far from the projecting Point as Q H from its Pole Pf: 
and if they. be projected into the Circles whoſe Radii are 


Stereograpbit PROJECTION 


MC or CL and DF or FG, F being the Center 1 
D G, and E the projected Pole. I ſay the Pole E will be 
diſtant from their Centers in Proportion to the Radii of 
the Circles ; that is, CE: EF: : CL: DF er FG. 


© For fince NK and ML are parallel, and Arch 


'NI=PH, therefore C ELI=NKI (or KI) 


= GIP. Therefore the Triangles IE L and IEG 


are fimilar, whence EL:EI::EI:EG.. Again 


the Angle EMI=K NI=PI Q, and therefore the 
Triarigles IE M and IEP are ſimilar, whence EM: 
E:: EI: ED. Therefore E F=ELxE G=E M 


X EP. Conſequently EM: EL ::EG:ED, and | 
by Compoſition EE. E EL l A5 1 


2 1 


1 . „ © 4 Bj TEX 
er. 1. Hence if the Circle K N be as far from the 
projecting Point, as Q H is from either of its Poles, 


#7 


EM:: EKD:: EG:: OD: OG. 


and if E, O, be its projected Poles; then will EL: 
5 2 4 This 


) 
b 
p 
; 


of the SPHERE. 


, © 
».# Av 


3 


This follows from the foregoing Demon nen FI 


and Cor 4. Prop. VII. 


Cor. 2. Hence. alſo if F be the 8 and F D the 


; Radius of Prqjection of any Circle QH, and E, S 


the projected Poles, then EF: D F : DP: FG. 
| For it follows from Cor. 1 y 3 : 


| EG—ED, 28. e 


. Heute if che Circle D BG, be as Hi from 


'F its ted Pole P, as LMN is froth the 0 . 5 
XZ Point; and if any right Lines be drawn 


MP 7 N PK; they will cut off ſirnilar Ar ab. er. GK, 
MN in the two Circles. 

For from the Centers C, F, draw the Lines C N. 
FE K, then fince the Angles C PN, and FPK are 


equal, and by this Prop. e 
| therefore (Eucl. VI. 7.) the Triangles E ON ind P FR 
are ſimilar; and bf; Angle PEN=Z_PFK ; there- 


fore the Arches MN and G K are ſimilar. 

Cor. 4. Hence allo if thro? the projected Pole P of 
any Cirele D BG, a right Line BPK be drawn. 

Then I ſay the Degrees in the Arch G K mall be the 
Meaſure of DB in the 82 And the Degrees 
in D B ſhall be the Meaſure of & K in the Projection. 

For (by Prop. IX) the Arch MN is the Meaſure of 
DB, and therefore GK which is ſimilar to M N, 
will alſo be the Meaſure of i it. 


Cor. 5. The Centers of all pro ected Circles 1 e all 


bir ane ptojected Poles, (in reſpect to the Patt 
of the Prnittive): and none of their Centers can fall 
between them. 
wo 6. Hence it follows (by Cor. 5. and Prop. VIII. 
Cor: 3.) that all Circles that 2 not Halle to the 
Primitive have equal Arches on the Sphere repreſent- 
ed by une 2 Arches on the Plane of Pröjection. 
— if 5 the OP Center; chen GH . greater 


— k F 
2 * NP „* + 
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26. 
26. 


8. 


8 DoD 


20, 


Stereographic PRO JECTION 


SCHOLIUM., 


It will be eaſy by the foregoing Propalition to de- 7 
ſcribe the Repreſentation of any Circle, and the R- 
verſe will eafily ſhow what Circle of the Sphere an 

rojected Circle repreſents. What follows hereafter 
is deduced from the foregoing Propoſitions, and will 
eaſily be underſtood without any other Demonſtration. 

Tf the Sphere was to be projected on any Plane 
parallel to the Primitive, tis all the ſame thing. For 
the Cones of Raysaſſuing from the projecting Point, 
are all cut by parallel Planes into ſimilar Sections, it 
only makes the Projections bigger or leſs, according 
to the Diſtance of the Plane of Projection, whilit 
they are ſtill ſimilar ; and amounts to no more than 
projecting from different Scales upon the ſame Plane. 
And therefore the projecting the Sphere on the Plane 
of a leſſer Circle is only projecting it upon the great 
Circle parallel thereto, and continuing all che Lines of 
the 8 to that leſſer Circle. A 
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PROP. __ POB. 


To . a Circle an to the TINO at a given : 
A Aar: its Pok. 


„ ee 1 1 x. he, 
Thi the Center C draw two Diameter AB DE, 
perpendicular to one another. Take in your Com- 
fles the Diſtance of the Circle from the Pole of the 
rimitive oppoſite to the projecting Point, and ſet it 
from D to F, from E dra E F to interſect A B in I; 
with the Radius C I and Center C e the be 
& I required. 7 
"3 By the plane Scale. EF5 
With the Radius C1, equal to the enen 
the Circle's Diſtance from the Pole of Projection op- 
e to the projecting Point, deſcribe; the Circle 


G. Where the Radius of Projection CA is the 
angent of 45 or r the Semi-tangent of "yy | 13 - 
9 


1142 - 


2 _ 


A n = w F 


CERN 
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of the 8 P HERE. 


PROP. XII. Pros. | 
J draw a leſſer Circle perpendicular to the Primitive; 
Tz a given Diſtance from the Pole of that Circle. 


R U 3 3 
Tho- the Pole B draw the Line of 8 A B, 


N make BG the Circle's Diſtance from its Pole, and 
draw CG, and G F perpendicular to it; with the 
* Radius F G deſcribe the Circle Gl n 


| By the Scale. | 
Set the Secant of the Circle's Diſtance from its 


1 pole from C to E, gives the Center. With the Tan- 
gent of that Diſtance for a Radius deſeribe the Circle 
Gl. 


Or thus, Make BG the Circle- 8 9 from its 
Pole, and GF its Tangent ſet from G gives F the 


Center, thro' G deſcribe the Circle G]. 


r. Hence a great Circle perpendicular to the Pri- 


| mitive, is a right Line C DE drawn thro' the Center 


perpendicular to the Line of Meaſures. 


08 H O L I U M. | 
When the Center F lyes at too great a Diſtance, 
draw E G, to cut A B in H; or lay the Semi-tangent 
of DG from C to H. And thro' the three Points 
G, * I, done a Circle with 2 Bow. 


PRO P. XIII. O's, 
7 0 arte an en Grote 6. a given Te from a a 


Pale given. 
R U. 72 . 

"Haw the Line of Meaſures A B thro the given 
Point P, if that Point is given; and draw D E to 
it, alſo draw E P. Or if the Point p is not given, 
et the Height of the Pole above the Primitive from 

S to P. Then from P ſer of PH=PI= Circle's 
5 Diſtance 


21 


FIG. 


30. 


31. 


22 


F 1G. Diſtance from its Pole z and draw EH, E I, to in- 
31. 


5 . Draw Ac Py ap 


Sreret graphic Pro JECTION 


terſect A B in F and G. About the Diameter FG 


— deſbiibs- the Circle required. 


Zy the Scale. 


If the Point p is given, y C to the Semi- 
tangents and it gives the Deny of the Pole from 
D, the Pole of Projettion oppoſite to the projefttng 
Point. This Diſtance bein 15 ou'll eaſily fin 

the greateſt and neareſt Diſtances of the Circle from 
the Pole of the Primitive oppoſite to the projecting 


Point: Take the Semi-tangents of theſe Diſtances 


and ſet from C to G and F, both the ſame way if the 


Circle lie all on one Side, but each its own way, 


en different Sides of D. And then FG is the Jia | 


meter of the Circle required to be drawn. 


OF. 1. If F be the Pole of a great Circle as of DLE. 


Draw EFH, and make H P=D H, and draw Ep P, 


and then p is ths Center, I 
. 2. Hence it will be My; to > draw one Circle 


| parallel to another. 


PROP. XIV. 8 
Dre two given Points A, B, to mw a . Gret. | 


N 


Throꝰ one of the Points A, 410 a Line thre? 00 
Center, AC G; and EF perpendicular to it. Then 
draw AE, and EG perpendicular to it? Thro' the 
three Points A, B, G draw the Circle require. 

Or thus, from E{ found as before), draw E H, and 
then HCI, and laftly EG, gives G a third Point 


F N 3 


thro? which o N muſt 1 oat 


IT = 
11 „ * 


S the Scale... ane 
18 rn 


Afs, fltid the Degrees, b the St 
t. A 


— 2 thifll 


230 Or 
/ 


„ HRE 


Os thus : ; Apply AC to the Tangents, and ſet the F + G. 
2. 


a ent of its ement from C ro G. And thro? 
the hit Points A B G, deſcribe the Circle required. 
For fince HEI or AEG is a right Angle; therefore 


A; G are oppoſite Points of the Sphere; and therefore 


all Circles paſſing thro A and G are great Circles. 


S CHO LI UM. 


11 the ak A, B. G lic neatly in a right Lint, 
then you may draw a Circle thro' them with a Bow. 


q e . Prob: 
; out 4 Pole given, to deſeribe 4 Circle thro' a * 


Point. 
55 U L E. 


9 4a % 


and nd the ter E, 1 E. B, and B F . 
cular to it. To the Center F, and Radius FB de- 


ſeribe kr Cirele BG H required, 


PR O . XVI. POB. 
8 9 the Pole of any Cree FNG. 


RULE. 


11 its e draw the Line of Marre A 6 
and DE perpendicular to it. Draw E F H, and ſet 


its Piſtance (from its own Pole) from H to P, and 


draw Ep P, then p is the Pole. 
Or thus, draw E FI, EIG, and biſſect H I in P, 


| d'draw E 5 Fs and 5 is che incernal Pole: Laſtly 


oy P C Q and E Qg, and q is the extetnal Pole. 
great Circle BL E, 95 ELK, and mak 
Pt =AD), and draw ET Hol 


Eis the P 
By the Scale. ls any 
ern CP the Seri-tangents, - note the De- 


Srees. 


23 


33. 


31. 


Stereograpbic Pao: JECTION 


F IG. grees. Take the Sum of theſe Degrees and of the 


21. 


Circle's Diſtance. from its Pole, if the Circle lie all on | 
one Side, but their Difference if it incompaſs the Pole 
of Projection; ſet the Semi-tangent of this Sum or 
Difference from C to the internal Pole p. And the 
Semi-tangent of its Supplement C 7 gives the exter- 
nal Pole g. 

Or thus; Apply CF and CG to the 1 
gents, ſet the Semi-tangent of half the Sum of the 
Degrees (if the Circle lies all one way) or of half the 
Difference (if it encompaſs the Pole of Projection), 
from C to the Pole p; and the Semi - tangent of the 
Supplement, C g, gives the external Pole g, 

In a great Circle as D LE, draw the Line of Mea- 


ſures A B, perpendicular to D E, and ſet the Tangent 


and Co · tangent of half its Inclination, from the Cen- 


ter C, different ways to F and f, gives the internal 
and external Poles F, J. 


„ Þ — 


TT PROP. XVII. Pos. 


| To draw a great Circle at any given inclination above 
the Primitive; or SW wy ap] C with it, at a 


given Poini. 
R U L E. 


Draw the Line of Meaſures AB; and DCE per- 
pendicular to it. Make EK —2 H D= twice the 
Complement of the Circle's Inclination, (or DK 
2A H= twice the Inclination) ; ; and draw EK F, 
the n Fi is the Center of EG D, N Circle FE 


1 by the Seals, 3 
Set the Tangent of the Inclination-j in . Line of 
Meaſures from C to E, then is the Center. Set the 
Semi- tangent of the Complement, from C to G; then 
GF or PF is the Radius. 18 
Or the Secant of thi. Laclination ſet « om Heer D 


to F gives the Center: .. 1 


P T W». 


x . f | 
r »; 61 9110 48 1 28 721800 2 55 Nl O3 41 — 5 Ls 
"22978 * | 


4 


i (Cd 06 


of the'SP HERE. 


T% 


r. 'To draw an "oblique Circle to make a given FIG. 
Angle with a given oblique Circle DGE at D. Draw 34- 


EGH, and ſet the given Angle from H to I, and 
, E L. J. Tue D, L. 5 deſcribe a great Circle. 


p R 0 P. XVIII. PR OB. 


7 2 a given Point P to draw a great C 1 to make 
a a given Angle with the Primitive. 


R . * 
Thro' the Point given P apd the Center C draw 


the Line AB; and DE perpendicular to it. Set the 


given Angle from A to H and from H to K, and 
draw B GK; with Radius C G, and Center C de- 
ſeribe the Circle GIF; and with Radius B G and 
Center P croſs that Circle in F. Then with Radius 
F P . ane F. , r the Circle L PM required. 


97 (> "By the Scale. 

With the Tangent of the given Angle and one 
Foot i in C, deſcribe the Arch FG. With the Secant 
of the given Angle and one Foot in the given Point 
P, croſs that Arch at F. From the Center F deſcribe 
a Circle thro* the Point P. 


) PROP. XIX. PR OB. 
To draw a great Circle to make; a given Angle with a 


given oblique Gircle E R, at a given Point P, in that 


Taree. 
K* UL E.: 


Thro the Cee C and the given Point P, draw | 


tte right Line DE; and A E perpendicular to it, 


draw A PG, and make BM=2 DG, and draw AM 


to cut DE! in J. Draw DL ths to D E, 


e e FA 


* * 
Fo 3 a 75 * 5 — 
1428091 1 4 
* * =- - — - - 7 a ag gh * 


35. 


| 50. 


26 
1G. gde N . equal to the given Angle, then L. i the 
4 _ of the Circle HPR required. 


"A PROJECT ion 


By the Scale. 
Thro' P and C draw DE; apply C P to the ds 
tangents, and ſet the Tangent of its Complement 
from C to I (or the Secant from P to I) on DI erect 
the Perpendicular FQ. Find the Center N of FPR, 
and make the Angle NPL= Angle given, and Lis 
the Center. 


Cor. If one Circle is to be 970% perpendicular ay 


another, it muſt be drawn thro? its Poles. 


PROP. XX. - Pros. 


25 drgw a great Circle thro? 785 iuen Point P, 170 mak 
a Fox Angle with a given great ircle D 2 


„ R U L W 5: 2 
3 the given Point P as a Pole deſcribe 0 the 
great Circle FG; find I the Pole of the given Circle 
DE (), and about the Pole I (c) deſcribe the ſmall 
Circle H K Lat a Diſtance equal to the given An gle, 
to interſect FG in ; about the Pole H eſrb 1 
the great Circle AP B required. : 


— 


PROP. XXI. Pn OB. 
To draw a-great Circle to cut tevo given great Circles 


J 4% 6 bf ef gives. A. 


C 


1 ind the Pole, s, 7, of the two given Circles, * 


1 16. about which draw two Parallels 2.bk, pus 
8 the 555 77 reſꝑectively equal to the Angles given, 

1 8 13. the Point of Interſection 55 Is the Pole, 
& the Circle mo ꝗ required. 

- Cor... Hence, to draw a right Circle to wake with, 
an, oblique Circle a 2d, any given Angle. Draw a 
Parallel þ B E at a Diftance from, the Pole of the oh- 
ye Circle, equal to the given — Its Interſec- 


( By Cor, x, Pr. 12. (6) By Pr, 16, (6) By Pr. 13. 


tion 


we» wy}. Fo „ 25> bad bh 


a © ad _ hood} 


„ tes Fr. mn 


c of the SP HE R E. 27 
tion f with the Primitive gives the Pole of the right FIG, 
Circ | 


e required get. 
PROP. xxl. Pros. 

To lay any Number of Degrees on a great Circle, or 46 
meaſure amy Arch of it. = 


% ON: 8  - i | 
Find the internal Pole P of the given Circle DEH 3g. 
(by Prop. 16.); lay the Degrees on the Primitive 
from A to F, and draw PA, PF, intercepting the 
Part required DE. Or to meaſure DE, draw PEF 
and PDA, and AF is its Meaſure, and apply'd to 
the Line of Chords ſhows how many Degrees it is. 
Or thus; Find the external Pole p of the given 
Circle, ſet the given Degrees from I to K, and draw 
21, pK, intercepting the Part DE required. Or to 
meaſure DE, thro' D and E draw p, p K, then KI 
is the Meaſure of DE. | 1 233739 L 
Or thus; Thro' the internal Pole P, draw the Lines 
DPG and EPL; ſeting the given Degrees from G 
to L in the Circle GL, then DE is the Arch re- 
quired. | Or if DE be to be meaſured, then the 
(equal) Degrees in the Arch GL js equal to DE. 
Or thus; Set the given Degrees from G to H (in 
Circle G L) and from the external Pole p, draw p G, 
PH, intercepting DE the Arch required. Or to 
| meaſure DE, draw pDG, PE H, then the Degrees 
1.64 2; 7.1. By-the. Scale for right Circles. 
Eet CA be the right Circle, take the Number of 38. 
Degrees off the Semi tangents and ſet from C to D for 
diary SD. Or if the given Degrees are to be ſet 
vm A, then take the Degrees off the Semi - tangents 
om 90 towards the beginning, and ſet from A to 
2. And if CD was to be meaſured, apply it to the 
beginning of the Semi · tangents. And to meaſure 
AD, apply it from o' backwards, and the Degrees 
intereepted gives its Meaſure. SCH O- 


28 


FIG. 


8 mY Arch 8 . 


Stereographic Pro J EC T I 0 * 


8 U M. 
The Primitive is meaſured by the Line of Chords, 


or elſe it is actually divided into W 


ͥͤͥ;ẽẽ ü nes... 
To ſet any Number of Degree, on a leſſer Greles or to „ 


'Letithe wy Circle be D E H; find its WL g 
Pole P, by Prop. 16. deſcribe the Circle AFK pa- 


rallel to the Primitive, by Prop. 11. and as far from 


the projecting Point, as the given Circle DE is from 
its internal Pole P, ſet the given Degrees from A to 
F, and draw PA, PF interſecting the given Cirele in 
D, E; then D E is the Arch required. Or to mea- 
ſure DE, draw PD A, P EF, and A F. ſhows the 
Degrees in DE. 

Or thus; Find the external pole p. of the given 
Circle, by Prop. 16. deſcribe the leſſer Circle A FK 
as far from the projecting Point, as DE the given 
Circle is from its Pole p, by Prop 11. Set the De- 

grees from I to K and draw y DI, pEK, then DE 
repreſents the given Number of Degrees. Or to mea- 
fure DE; draw D1, P EK; and KI is the mea- 


_ ſure of DE. 


Or thus; Let O be the Suden of the given Circle + 
DEH; thro? the internal Pole P, draw Lines DPG, 
EPL, divide the Quadrant G Q into go equal De- 
grees, and if the given Degrees be A. from G to L. 
then DE will repreſent theſe Degrees. - 'Or the De- 
grees in GL will meaſure DE. 

Or thus; Divide the hy 2 G R into 9o * 
Parts or Degrees, and ſet the given Degrees from G 
to H, and draw p D G, p EH, from the external 
Pole p. Then D E will repreſent the given Degrees. 
Or'thro' D, E drawing p DG, p EH, then the Num- 
ber "wr equal Degrees 1 in G H is the Meaſure of DE. 
«(1 1 = * SC HO- 
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of the S P H E RE. 


SCHOLIUM-. 


Any Circle parallel to the Primitive is divided or 
meaſured, by drawing Lines from the Center to the 
like Diviſions of the Primitive. Or by help of the 
Chords on the Sector ſet to the Radius of that Circle. 


PR O P. XXIV. Pros. 
The Meaſure any Angle. 

: R W EL | 

Buy Cor. 1. Pr. 13. about the angular Point as a 
Pole, deſcribe a great Circle, and note where it inter- 
ſects the Legs of the Angle, thro' theſe Points of 
Interſection, and the angular Point, draw two right 
Lines, to cut the Primitive, the Arch of the Primi- 
tive intercepted between them is the Meaſure of the 
Angle. -This needs no Example. Sud bs 
Or thus; by Prop. 16. Find the two Poles of the 
containing Sides, (the neareſt, if it be an acute Angle, 
otherwiſe the furtheſt) and thro? the angular Point 
and theſe Poles, draw right Lines to the Primitive; 
then the intercepted Arch of the Primitive is the An- 
ale i to bhilf | 
PT FOE: 

_ Becauſe in the Stereographic Projection of the 


| Sphere; all Circles are projected either into Circles or 


right Lines, which are eaſily deſcribed ; therefore 
this ſort of Projection is prefer'd before all others. 
Alſo thoſe Planes are prefer'd before others to pro- 


ect upon, where moſt Circles are projected into right 


Lines, they being eaſier to deſcribe and meaſure than 
Circles are; ſuch are the Projections on the Planes 


of the Meridian and ſolſtitial Colure. 


8 THE 


18 12 > Tangent, of 


T1503 


THE. 


| Gnomontcai Pro orion 


or THE. 5 
1 = H E * E. 
ron, PROP. L A 


2 VERY great Cirele as BAD e 
right Line perpendicular to the Line of Meaſures, 
aud diſtant from the Center the Co-taygent of its 
Hickndtion, or the Tangent of its gere W _ 
abe Pole of FE 2 


34341441101-2 


Let CED be petpendinular 8 to 1 ava 


Circle BA D and Plane of Projection, and then the 


Interſection C F will be the Line of Meaſures. Now 


ſince the Plane of the Circle B D and the Plane of 


Projection are both Herpen rpendicular toBCDE, there- 
10 


fore their common n will alſo be perpendiculat 
to B. DE, and conſequently to the Line of . Mea- 


ſure ve, Now ſince mien Point A is in the 


Plane e of this Circle, all the Points of it will be pro- 
| Ford, into that Section, that is into a right Line 


ng thro” d, and pe ndicular to Cd. And CA 
Gy or Cotangent of C4 A. 


Q. E. D 
r. 1. A great Circle perpendicular to the Plane 
of Projection is projected into a right Line paſſing 
thro' the * of — * any Arch 18 2 


+ * 1 4 . ; J 


Gnomonical PROJECTION, &c: 31 
jected into its correſpondent Tangent. Thus the FIG. 
Arch CD is projected into the Tangent C 4. | 39. 

Cor. 2. Any Point as D or the Pole of any Circle, 
is projected into a Point 4 diſtant from the Pole of 
Projection C, the Tangent of that Diſtance. 

Cor. 3. If two great Circles be perpendicular to 
each other, and one of them paſſes thro* the Pole of 
Projection; they will be projected into two right 
Lines perpendicular to each other. 3 

For the Repreſentation of that Circle which paſſes 
thro' the Pole of Projection is the Line of Meaſures 
of the other Circle. 3 

Cor. 4. And hence if a great Circle be perpendicu- 
lar to ſeveral other great Circles, and its Repreſenta- 
tion paſs thro* the Center of Projection; then all 
theſe Circles will be repreſented by Lines parallel to -£ 
one another, and perpendicular to the Line of Mea- 
ſures or Repreſentation of that firſt Circle. 


£ a =P Kt. © . SE rr 8 — 
n * 1 nd "8 2 — 3 © Fas 20 =; - Ke 2 1 - 
a Ems LANE 3 3 . * — — 


1 +. p — 1 2 * 
1 


5 PROP. I. 
F two great Circles interſect in the Pole of Projecti- 
on; their Repreſentations ſhall make an Angle at the Cen- 
ter of the Plane of Projection equal tothe Angle made by 
theſe Circles on the Sphere. 14 „ 


For ſince both theſe Circles are perpendicular to the 
Plane of Prajection; the Angle made by their Inter- 
ſeftions with this Plane, is the ſame as the Angle 
made by theſe Circles. Q. E. DO). * 


. 2 P R O P. 1 IS 
Am leſſer Circle parallel to the Plane of ProjeFion is 
Projected into a Circle, whoſe Center is the Pole of Pro- 
Jeltion, and Radius the Tangent of the Circles Diſtance 
5 Fon the Pole of Projeftion. = © 8 


Loet the Circle PI be parallel to the Plane G F, then 39. 
the equal Arches PC, CI are projected into the equal 
55 C2 Tangents 


32 


FP; My 
WW £ 
e * * 


of Projection. 


40. 


Gnomonical PRojEcTION 


FIG. Tangents GC, CH; and therefore C the Point of 
39- 


Contact and Pole of the Circle PI and of the Projec- 
tion, is the Center of the Repreſentation GH. Q. E. D. 
Cor. If a Circle be parallel to the Plane of Projec- 


tion and 45 Degrees from the Pole; it is projected 


into a Circle equal to a great Circle of the Sphere ; 
and may therefore be look'd upon as the primitive 
Circle in this Projection, and its Radius the Radius 


FRA. Iv. 3 

Every leſſer Circle (not parallel to the Plane of Pro- 
jection) is projected into a Conic Section, whoſe tranſverſe 
Axis is in the Line of Meaſures, and whoſe neareſt Ver- 
tex is diſtant from the Center of the Plane the Tangent 
of its neareſt Diſtance from the Pole of Projection; and 
the other Vertex is diſtant the Tangent of its furtheſt 
Diſtance. © | i a ok 


LetBE be parallel to the Line of Meaſures 4p, 
then any Circle 1s the Baſe of a Cone whoſe Vertex is 
at A, and therefore that Cone being produced will be 
cut by the Plane of Projection in ſome Conic Section. 
Thus the Circle whoſe Diameter is D F will be cut by 
the Plane in an Ellipſis whoſe Tranſverſe is dF; and 
C4 is the Tangent of CAD, and Cfof CF. In 


like manner the Cone A FE being cut by the- Plane, 
F will be the neareſt Vertex; and the other Pomt into 
which E is projected is at an infinite Diffance: Alſo 


th Corte A F G (whoſe Baſe is the Circle F G) being 
cif” by the Plane, F is the neareſt Vertex; and GA 
being produced gives d the other Vertex. Q. E. D. 

Cor. 1. If the Diſtance of the furtheſt Point of the 
Circle be leſs than go? from the Pole of Projection, 
then it will be projected into an Ellipſis. 
Thus DF is projected into 4f, and D C being leſs 


than go, the Section df is an Ellipſis whoſe Vertices 
are at d and F; for the Plane „F cuts both Sides of 
—:A lo 


= Cor. ; 


1 — * 8 * 
13 


- Gr. 2. If the furtheſt Point be more than 90 De- FIG. 
8 grees from the Pole of Projection, it will be projected 40. 
into an Hyperbola. Thus the Circle F G is project- 
ed into an eee whoſe Vertices are F and 4, and 
tranſverſe fd. For the Plane dp cuts only the fide 
A f of the Cone. . 
Gor. 3. And in the Circle FE, where the furtheſt 
Point E is 90* from C; it will be projected into a 
Parabola, whoſe Vertex is f. For the Plane dy (cut- 
ing the Cone FA E) is parallel to the Side A E. 
Cor. 4. If H be the Center, and K, &, I the Focus 
of the Ellipſis, Hy perbola, or Parabola; then H K 


Al for the Ellipſis, and H 4 for the 


2 
Hyperbola; and (drawing Fu perpendicular on A E) 
7 EAF/ | 


Ss for the Parabola ; which are the Re- 


preſentations of the Circles DF, FG, FE reſpeRive- 
ly. All this appears from the Conic Sections. 


PROP. V. 


Let the Plane T W be perpendicular to the Plane of 
Projection T U. And BCD a great Circle of the Sphere 
in the Plane T W. Aud let the preat Circle BED be 
projected in the right Line bek. Draw CQS bk, 
and Cm\}to it and equal to CA, and make Q S=Q n+... 


then I. ſ am Angle Q'S t=Q tz. 


Suppoſe the Hypothenuſe AQ to be drawn, then 41 

ſince the Plane ACQ is perpendicular to the Plane 

J U, and 5 Qis + to the Interſection CQ, therefore 

5 Qis perpendicular to the Plane AC Q, and conſe- 

| quently 4Q is perpendicular to the Hypothenuſe A Q. 
But AQ=Qm=QS, and Qs is alſo perpendicular 
to . Therefore all Angles made at S cut the Line 
2 Qin the ſame Points as the Angles made at A; but 
by the Angles at A the Circle BED is projected into 
the Line Q. Therefore the Angles at S are the 


1 
4 I 
% a 


WA a _ C 3 | Meaſures 


34 


41. 


41. 


42. 


Gnomonical PRO HC TIN 


FIG. Meaſures of the Parts of the projected Circle 203 : 


and S 1s the dividing Center thereof. 9. E. D. 
Cor. 1. Any great Circle : Q is projected into a 


Line of Tangents to the Radius SQ. For Q7 is the 


Tangent of the Angle QS; to the Radius QS or Qu. 
Cor. 2. If the Circle þC paſs thro' the Center of 

Projection; then A the projecting Point is the divid- 

ing Center thereof. And C4 is the Tangent of its 


correſpondent Arch CB, to CA the Ragius of Pro- 


jection. 
e VI. ke, 

Let the parallel Circle G E H be as Tx from tbe Pale 
of Prajection C as the Circle F KI is from its Pole 
P; and let the Diſtance of the Poles C, P be biſetted 
by the Radius AO, and drawyg b A D perpendicular to 
AO. Then any right Line h ek dtaw, thro" b, will cut 
off the Arches bI=F u, and g e=k f, ( ſuppoſing f the 
other Vertex), in the Repreſentatians of _ _ Circles 
in the Plane of Projection. | 


Fot Jer G, ER I, H N. R K. T be reſpettive- | 
ly projected into the Points JJ ISO ip 
Then ſince in the Sphere, the Arch B FD H. and 


Arch BG=DI. And the great Circle BEK D 
- makes the Angles at B and D equal, and is projected 


into a right Line as 3. Therefore the triangular 
Figures F N and D H L are ſimilar, and equal, and 
likewiſe BGE, and DI K are ſimilar and equal, 
and LH=NE, and K IE G. Whence it is evident 
their Projections Ibn F, and & fg e. & E. D. 


| PROP. 1 
If hIgandFnkbe the Projettions 0 abo equal Circles, 
whereof one is as far from its Pole F as the other from 
its Pole C, which is the Center of Projection; and if the 
Diſtance of the prqjected Poles C, p FR Aivided in a, fo 
that the Degrees in Co, o p, be equal, and the Perpen- 
dicular o S be erected to the Line o Meaſures g 5. Lay 


** Les P 2, 8 I, drawn * the Poles * P ibre any 
3 5 Point 


of che 8 PH E R E. 


Point Q in the Line o S, will cut off the Arch F u= F 
| 42 


„ 5 


For drawing the great Circle GP I in a plane Per- 
pendicular to the Plane of Projection. The great 


Circle A O perpendicular to CP is projected into o 8 
by Prop. L Cor. 3. Now let Q be the Projection of 


9, and ſince p Q, C Quare right Lines, therefore they 
repreſent the great Circles Pq, Cg. But the ſpheri- 
cal Triangle P? C is an Ifoceles-criangle, and there- 
fore the Angles at P and C are equal. But becauſe P 
is the Pole of FI, therefore, the great Circle Pq con- 


tinu'd, will cut an Arch of FI  CPq=/Pcyg 


=Z_.QCpby Prop. II. That is (ſince Fx repreſents 
the Part cut off from FI) Arch Fu = Arch Ih or 
ZAC AE. B. | 

Cor. Hence if from the projected Pole P of any 
Cirele, a Perpendicular be erected to the Line of 
Meaſures, it will cut off a Quadrant from the Repre- 
ſentation of that Circle. For that Perpendicular will 
be parallel to o'S, Q being at an infinite Diſtance. 


PRO P. VII 


Lu Fuk be the Projetion of am Circle FI, and ? 


the projected Pole P. And if C be the Co-tangent of 
CAP and g B perpendicular to the Line of Meaſures 
g C, and CAP be biſected by. Ao, and the Line 0B, be 
drawn to any Point B, and alſo p B cuting Fnk in d. 
1 ſay the Angle go B= Arch F d. EE, 


For the Arch PG is a Quadrant, and the C. go A 
gp ATC Apr (becauſe & C A and g Ap are 
right Angles) g AC Ap AC+CAo=Z7g Ao. 
Therefore g A=g o, conſequently o is the dividing 

Center of g B the Repreſentation of G A; and con- 

ſequently by Prop. V. go B is the Meaſure of g B. 
But ſince pg repreſents a Quadrant, therefore ↄ is the 

Pole of g B, and therefore the great Circle pd B paſſ- 

ing thro the Pole of 3 g Band Fx will cut 
FL „„ & » PRE: | | 


off 


3s 
IG. 
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Gnomonical PROJECTION 

G. off equal Arches in both, that is Fd=g BC. g 0B. 
Cor. The (go is the Meaſure of the Angle gp B. 
For the Triangle gp B repreſents a Triangle on the 

Sphere wherein the Arch which g B repreſents is equal 
to the Angle which Cp repreſents, becauſe g p is o 

Degrees. Therefore go B is the Meaſure of both. 


| dS CHD 1,11] M. | 
Thus far I have treated of the Theory; what fol- 
lows is the practical Part, and depends altogether on 
what is above delivered, in which I think no Diffi- 
culty can occur. In the Gnomonical Projection, the 
Plane projected on, is ſuppoſed to touch the Heml- 
ſphere to be projected, in its Vertex; and the Point 
of Contact will be the Center of Projection. But if it 
be required to project upon any Plane parallel to this 
touching Plane, the Proceſs will be no way different, 
and 1s only taking a greater or leſſer Radius of Pro- 
jection, according to the greater or leſſer Diſtance; 
which is in effect projecting a greater or leſſer Sphere 
upon its touching Plane. 3 
When you have the Sphere to project this way, 
upon a given Plane; it will aſſiſt the Imagination, if 
8 ſuppoſe yourſelf placed in the Center of the 
Sphere, with your Face towards the Plane, whoſe 
Poſition is griyen; and from thence projecting with 
your Eye, the Circles of the Sphere upon this Plane. 


PROP; N. Pros... 
'F To draw a great Circle, thro' a given Point, and at 
_ given Diſiance from the Pole of Projection. 
'B * r 


Deſcribe the Circle A DB with the Radius of Pro- 
jection, and thro' the given Point P draw the right 
= Line PCA, and CE perpendicular to it; make the 
= Angle CAE given Diſtance of the Circle from C. 

| and thro” E deſcribe the Circle E FG, and'thro' P 

draw the Line P K touching the Circle in I, then is 
IK the Circle required. 2» ” WW 


of the SPHERE. 
By the plain Scale. 
With the Tangent of the Circle's Diſtance from 


the Pole of Projection C, deſcribe the Circle E E, 
and draw PK to touch this Circle. 


FROP:. 3A; Fro: 
To draw a great Circle perpendicular to a given great 
Circle which paſſes thro* the Pole of Projection; and at 
a given Diſtance from that Pole. 
R UL E. | 
Draw the Primitive ADB. Let CI be the given 
Circle, draw C L perpendicular to CI, and make the 
Angle CL I= the given Diſtance ; thro* I draw KP 
parallel to C L for the Circle required. | 


76523 0 By the Scale. PRE 
In the given Circle CI, ſet the Tangent of the 


given Diſtance, from C to I; thro' I draw K P per- 
pendicular to CI, then K P is the Circle required. 


ER O-P. XI. PRO B. 


To meaſure any Part of a great Circle; or to ſet any 


Number of Degrees thereon. 
. „ | 
Let EP be the great Circle; thro' C draw ID 


perpendicular to EP, and CB parallel to it. Let 


EBD be a Circle deſcribed with the Radius of Pro- 
jection CB, make IA=IB; then A is the dividing 
Center of E P, conſequently drawing A P, the 
IAP Meaſure of the given Arch IP. Or if 
the Degrees be given, make the /_I A P= theſe 
given Degrees, which cuts off IP the Arch corre- 
ſpondent thereto. 
e By the Scale. 
Draw ICD perpendicular to EP; apply CI to 
the Tangents, and ſet the Semi- tangent of its Com- 
plement from C to A, gives the dividing Center of 
EP, &c. PROP. 


FIG. 


43- 


44. 
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Gnomonical Projrer ION 
PROP. XI. Pros. 
To draw a great Circle to make à given Angle with a 
given great Circle, at a 855 Point; or to meaſure an 
Angle made by two great Circles. © 
| = 6 i a : 
Let P be the given Point, and P B the given great 


Circle. Draw thro” P, and C the Center of Projecti- 


on, the Line P CG, to which from C draw C A per- 
pendicular, and equal to the Radius of Projection. 
Draw PA and AG perpendicular to it, at G erect 
BD. perpendicular to GC, cuting PB in B; draw 
AO biſecting the Angle CAP; then at the Point 
O, make BOD= Angle given, and from D draw 


| the Line DP, then BPD is the Angle required. 


43. 


1 - 


Or if the Degrees in the Angle BP D be required, 
from the Points B, D draw the Lines BO, DO; and 
the Angle BOD is the meaſure of BP D, 

Cor. If an Angle be required to be made at the 
Pole or Center of Projection, equal to a given Angle; 
this is no more than drawing two Lines from the Cen- 
ter making the Angle required. And if one great 
Circle be to be drawn — to another great Circle, it 
muſt be drawn thro? its Pole. 5 


n ML nos :- 
To project a leſſer Circle parallel to the Primitive. 
gait, AR I > re 
With the Radius of Projection A C, and Center C, 
deſcribe the primitive Circle ADB, by Cor. Pr. III. 
and draw A CB, and GCE perpendicular to it. Set 
the Circle's Diſtance from its Pole from B to H, and 
from H to D, and draw AED. With Radius CE 
deſcribe the Circle EF G require. 


With the Radius CE equal to n 
2 e 


of the 8 PH E RE. 39 
Circle's Diſtance from its Pole, deſeribe the Circle FIG, 
E EG, for the Circle required. 


PROP. XIV. Pros. 
To. draw. a leſſer Circle perpendicular to the Plane of 
Projection. | 
ET KU LE 


Thro? the Center of Projection C, draw its paral- 48. 
fel great Circle TI. At C make the Angle I CN and 
T C O= the given Circle's Diſtance from its. parallel 
great Circle T1; make CL = Radius of Projection, 
and draw LM perpendicular to CL. Set LM from 
C to V, or CM from C to F. Then thro” the Ver- 
tex V, between the Aſſymptotes C N, CO deſcribe 
the Hyperbola WV K. Or to the Focus F, and 
Semi- tranſverſe C V, deſcribe the Hyperbola ; for the 
Circle required. : 


| __ Otherwiſe by Points. 
_  Thro' the Center of Projection C draw the Line of 
Meaſures CF, and T CI perpendicular to it, draw 
any Number of right Lines CV, DE, GH, IR, 
Sc. and PQ, RS, T W, Sc. perpendicular to TI. 
And by Prop. XI. make CV, DE, GH, Sc. each 

equal to the Diſtance of the given Circle from its pa- 
rallel great Circle; then all the Points W, 8, Q V, 
E, H, K, c. join'd by a regular Curve will be the 
Repreſentation of the Circle required. | 


„ Or thus. | 
Make the Angle i a&= Diſtance of the given Cir- 
cle from its parallel great Circle. Then thro* the 
Center of Projection C, draw the great Circle T CI 
Parallel to the Circle given, upon which erect the 
perpendicular CA Radius of Projection. Alſo 
draw any Number of right Lines CV, DE, GH, IK, 
Sc. perpendicular to TI. Then take each of the 
Diſtances from A to C, D, G, I, Sc. and ſet them 
£7 | | from 


* 


40 
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FIG. from à to c, 2, d, i, Sc. and to ai draw the Perpen- 


diculars cv, de, gh,ik, Sc. and make CV, DE, 
GH, IK, Sc. reſpectively equal to cv, de, g b, i x, 
Sc. which gives the Points V, E, H, K, Sc. after 


the ſame manner on the other Side find the Points 


Q, S,W, Sc. then thro? all theſe Points W, 8, Q, V, 
E, H, K, Sc. draw a regular Curve, which will be 
an Hyperbola repreſenting the Circle given. 


By the Scale. 


Take the Tangent of the Circle's Diflance from its 
parallel great Circle, and ſet it from C (the Center of 
Projection) to V, and the Secant thereof from C to 
F. Then with the Semi-tranſverſe C V, and Focus 


F, deſcribe the Hyperbola WV HK. 


PROP. XV. Pros. 
To project any leſſer oblique Circle given. 
3 ea IF IL E 
Draw the Line of Meaſures 4p, and at C the Cen- 


ter of Projection draw C A — to dp and = Radius of 


Projection; with the Center A, deſcribe the Circle 
DCFG; and draw RAE parallel to dp. Then 


take the greateſt and leaſt Diſtances of the Circle from 


the Pole of Projection and ſet from C to D and F, 
for the Circle DF; and from A the projecting Point 
draw A F, and A D d, then df will be the tranſ- 
verſe Axis of the Ellipſis. But if D fall beyond the 


Line R E, as at G, then draw a Line from G back- 


ward thro' A to d, and then 4f is the Tranſverſe of 
an Hyperbola. But if the Point D fall in the Line 


RE as at E, then the Line A E no where meets the 


Line of Meaſures, and the Projection of E is at an in- 
finite Diſtance, and then the Circle will be projected 
into a Parabola whoſe Vertex is f. Laſtly, biſect 
4 in H the Center, and for the Ellipſis take half the 
Difference of the Lines Ad, A f and ſet from H te 
K for the Focus. But for the Hyperbola take _ 
271 the 
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the Sum of A d, A, and ſet from H to the Focus & FIG. 


of the Hyperbola. Then with the Tranſverſe df 
and Focus K or & deſcribe the Ellipſis d My, or the 
Hyperbola f n for the Projection of the Circle given. 

But for the Parabola make E Q=Ff, and draw fn: 
-L A Q, and ſet +# Q from F to & the Focus. Then 
with the Vertex F and Focus & deſcribe the Parabola 
fm, for the Projection of the given Circle FE. 


Otherwiſe by Points. . | 

Thro' the Center of Projection C, draw the Line 
of Meaſures CF, paſſing thro' the Pole P (if P is 
given; but if not, find it, by ſeting off C P= the Diſ- 
tance of that Pole, from the Center of Projection, by 
Pr. XI.) then ſet off PD, P F equal to the given 
Diſtance from its Pole, by Prop. XI. Thro P draw 
a ſufficient Number of right Lines, La, M, Nu, 
Oo, Rr, Ss, Cc. which will all repreſent great 
Circles. Find the dividing Centers of each of theſe 
Lines; and by Prop. XI. ſet off ugon each of them 
from P, the given Diſtance of the Circle from its Pole 
as PL, Pa, PM, Pu, Sc. and thro' all the Points 
L, M, D, O, R, Sc. draw a Curve Line, for the 


Circle required. 
3A BRI4: Or u. 3 
Draw the Line of Meaſures P CG, and by Prob: 
XI. make CG = the Diſtance of the Parallel great 
Circle from the Pole of Projection, and draw A GK 
perpendicular to it, which will repreſent a great Cir- 
cle whoſe Pole is P. Draw any Number of right 
Lines thro Pto AK, as AP, BP, HP, Sc. and 


by Prop. XI. ſet off from AK, the Parts AL, 


BM, HO, Sc. each equal to the Circle's Diſtance 
from its parallel great Circle. Then all the Points 
L. M. D, O, Sc. being join'd by a regular Curve, 
will repreſent the parallel Circle required. 


Or thus. 


* Thro' the Center of Projection C draw the Line of 
| Meaſures 


45. 
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FIG. Meaſures DC F, and the Radius of Projection cw 


42. pe 


6 


49. 


1 7 


rpendicular to it, and AG K L GC, for a great 
Circle whoſe Pole is P. Draw wp—=W P, and wa 
to it, draw any Number of right Lines, A P, BP, 


GP, Sc. and make pg, pb, pa &c. = PG, PB, 


PA, Sc. alſo make the ¶ pw] and pw x = the Cir- 
ele's Diftance from its Pole P(or a w.1 = the Diſtance 
from its parallel great Circle); and upon PG, PB, 
PA, &c. make PD, PM, PL Sc. pd, pm, pl, 
Sc. reſpectively. Or make GD, BM, AL, Sc. g d, 
Bm, al, &c. A fire theſame manner, find the Points 
O, R, Sc. and thro? all the Points R, O, D, M, L., Oc. 
draw a regular Curve making no Angles, which will 
zeprefent the parallel required. Likewiſe where any 
Line ap cuts wx, that Diſtance from p will give the 
Point A, or is P and fo of any other of the Lines 
5 75 Sc. 1 | | | 7 WW 
"The Renſon of this P fog will be plain, if you ſuppoſe 
the Points p, w applyd to P, W; and g, b, a, &c. ſuc- 
refroey to 7555 A, Sc. for then d, m, I, will fall upon 


„ By the Scale. pF | 
Take the Tangents of the Circles neareſt and fur- 
theſt Diſtance from the Pole of Projection and ſer 
from C to f and d, gives the Vertices, and biſe& df 
in H; then take half the Difference, or half the Sum, 
of the Secants of the greateſt and leaſt Diſtances from 
the Pole of Projection, and ſet from H, to K or & for 
the Focus of the Ellipſis or Hyperbola, which may 
Cor. If the Curve be required to paſs thro? a given 
Point S; meaſure PS by Prop. XI. and then the 
Curve may be drawn by this Proble. 


* - Þ4 * v wtf 


3 PR OP. XVI. Pa on. N 
To ful the Pole of any Circle in the Projection, DMF, 47. 


From the Center of Projection C, draw the Radius 
of Proj dion CA perpendicular to the Line of Mea- 
F. And to A the projecting Point, draw 

DA, FA, and biſe& the Agate D AF 
AP, then P is the Pole. But if the Curve be an Hy- 


perbola, as f m, Fig. &-45- you muſt produce 4 A, and 46; 


biſect the Angle / And in a Parabola, where 
the Point d is at an infinite Diſtance, biſect the An- 
gle FAE. 


r zbus ; Drawing C A perpendicular to DC, draw 47. 
DA, and make the Angle D AP= the Circle's Diſ- 


tance from its s Pole, gives the Pole : 


Draw the Radius of Projection C A + to the Line 
of Meaſures DF. Apply CD, CF to the Tangents, 
and ſet the Tangent of half the Difference of their De- ; 
grees-from C to P, if D, F lie on contrary Sides of C; | 
but half the Sum if on the ſame ſide, gives P the Pole. 4 

Or thus ; by Prop. XI, ſet off, from D to P, the 


of the 8 P H E R E. 43 


RULE. 


by the Line 


By the S cate. 


Cirele's Diſtance from its Pole, ves the- Pole P. ; 
Cor. If it be a great Circle as BG; draw the Line of ; if 
Meaſures G C, and CA to it, and equal to the ..Y 
Radius of Projection. Make GAP a right N 

and P is the Pole. 


46, 


. RO P. XVII. bed.” 


7 0 eee am Arch of 4 Her Circle; or to fet any 
cy 15 7 755 thereon. 


CEE ue 1b i 


Let F n be hs given Circle. From the Clue of 
Prajection C draw C A perpendicular to the Line of 


Meaſures 


44 
FIG. Meaſures GH. To P the Pole of the given Circle 
46. draw AP, and A O biſecting the Angle CAP. And 


Gnomonical PROJECTION 


draw A D perpendicular to A O. Deſcribe the Circle 
GH (by Prop. XIII.) as far from the Pole of Pro- 


jection C, as the given Circle is from its Pole P. And 


thro' any given Point in the Circle Fu, draw D z 1, 
Pear H the Number of Degrees = FA. Or the 
egrees being given and ſet from H to I, the Line 
D/ cuts off F x equal thereto. 
Or tbus; AO being drawn as before, erect OS 
perpendicular to CO; thro' the given Point draw 
Pu cuting OS in Q, then thro' Q draw Ci, and the 
Angle QCP is = FA. Or making QCP. = the 
Degrees given, draw P Qs, and Arch Fn = = theſe 
Degrees. 

Or ibus; AO, AP being drawn as before; How 
AG perpendicular to AP, and G B perpendicular to 
GC. Thro' the given Point x draw P B cuting GB 
in B, and drawOB, then the ©. GOB= Arch Fx. 
Or making Z 66 B = the given Degrees; draw 
PB, and it cuts off F = the FRY given. 


: By the Scale. | | 
ta C be the Center of Projection, P the Pole of 


us given Circle. Apply CP to the Tangents, and 


ſet the Tangent of its half from C to G, and the 
-Co-tangent of its half from C to D; with Radius 
CG= Tangent of the. Degrees 1 in FP the given 
Circle's Diſtance from it's Pole, deſcribe the Circle 
G8. Then D/ drawn thro* z or cuts off HI 
—=Fs. 

Or thus; O being found as before, erect OS per- 


pendicular to C O. Thro' the given Point u, draw 
Pu, and Z QCH=Fn. 


Or tbus; Apply CP to the 7 RIGS and ſet the 
Co-tangent thereof from C to G, erect GB perpendi- 
cular to GC. Thro' z draw Pn B, and . B O, 


en oo B= F 3. % 


6 TE 
3 W * p , 4 , 4 o 
- * * . 
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Cor. If the lefſer Circle be perpendiclar to the Plane FIG. 


of Projection as VHK. You have no more to do 

but to draw the Perpendiculars V C, H G to its pa- 

rallel great Circle CI. Then CG (meaſured by Prop. 

XI.) will be equal to VH; or the Degrees ſet from 
C to G, cuts of V H equal thereto. 


SCHOLIUM. 


This Sort of Projection is little uſed by reaſon ſe- 
veral of the Circles of the Sphere fall in Ellipſes and 
Hyperbola's which are very difficult to deſcribe. 
Notwithſtanding it is very convenient for ſolving 
ſome' Problems of the Sphere, becauſe all the great 
Circles are projected into right Lines. And this Sort, 
or the Gnomonic Projection, is the very Foundation 
of all Dialling. For if the Sphere be projected on 
any Plane, and upon that Side of it on which the 
Sun is to ſhine; and the projected Pole be made the 
Center of the Dial, and the Axis of the Globe the 
Stile or Gnomon, and the Radius of Projection its 
Height; you will have a Dial drawn with all its 
Furniture. Upon this Account it deſerves to be more 
taken Notice on than at preſent it is. J have in the 
foregoing Propoſitions, given I think, all the funda- 
mental Principles of this kind of Projection, having 


met with little or nothing done upon this Subject 
before. | 


GENERAL PROBLEM. 
To project the Sphere upon any given Plane, 


Before you can project the Sphere upon any Plane 
you muſt have a perfect Knowledge of all its Circles 
and their Poſitions upon the Globe; the Diſtances of 
all leſſer Circles from their Poles, and from their pa- 
rallel great Circles. The Angles made by great 
Circles, or their Inclinations to one another, particu- 
larly to the primitive Circle on whoſe Plane (or a pa- 
rallet thereto) you are about to project the Sphere. 

33 D Then 


* 
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FIG. Then after the primitive Circle is deſcribed, you muſ 


deſcribe all Circles that are concern'd in the Pro- 
blem, according to the Rules of that Sort of Projection 
you are going to uſe, and the Interſections of theſe 


Circles will determine the Problem. 


The principal Points, Angles and Circles of the Sphere 


are as follows. 


I. Points. 


I. Zenith is the Point over our Heads, Z. 


2. Nadir is the Point under our Feet N. 
3. Poles of the World are 2 Points round which 
the diurnal Revolution is performed, P the North Pole 


p the South Pole. 


4. The Center of the Earth or of the Heavens, C. 
5. Equinoctial Points, are the Points of Interſecti- 
on of the Equator and Ecliptic, V, S. 
6. Solſtitial Points, are the beginning of Cancer 
and Capricorn S, W. > | | 


II. Great (Arcles. | | 
I. Equinoctial, is a Cirele go Degrees diſtant from 
the Poles of the World, as E Q. ” 
2. Meridians, are Circles paſſing thro? the Poles of 


the World as P © p, PEp, Sc. | 


- on 


3. Solſtitial Colure, is a Meridian paſſing thro" the 
Solftitial Points, as P Sp. | 

4. Equinoctial Colure, is a Meridian paſſing thro 
the Equinoctial Points, P Cp. . 

5. Ecliptic is the Circle thro? which the Sun ſeems 
to move in a Year, S, W. it cuts the Equinoctial at 
an Angle of 23* 307, paſſing thro' the Equinoctial 
Points. In this are reckon'd the 12 Sines Y, &, N, 
S, M, M, =, m, , V, , ** 
6. Horizon, is a Circle dividing the upper from 
the lower Hemiſphere, H O, 9o? diſtant from the 


Zenith and Nadir. 


7. Azimuths, are Circles paſſing thro' the Ze- 
nith and Nadir, Z © N. * : 8, Circles 


* 


ſt 
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8. Circles of Longitude in the Heavens, paſs thro' FIG. 


the Poles of the Ecliptic and cut it at right Angles. 


9. Meridian of a Place, is that Meridian which 


| paſſes thro? the Zenith, as PZH. 


III. Leſſer Circles. 


1. Parallels of Latitude are parallel to the Equi- 
noctial on the Earth, Parallels of Altitude are paral- 
lel to the Horizon, Parallels of Declination are pa- 
rallel to the Equinoctial in the Heavens. 

2. Tropics, are 2 Circles diſtant 235 300“ from the 
Equinoctial, the Tropic of Cancer towards the North, 
the Tropic of Capricorn towards the South. 

Polar Circles, are diſtant 235 300 from the Poles 
of the World, the arctic Circle towards the North, 


the Antarctic towards the South. 


IV. Angles and Arches of Circles. 


1. Sun's (or Star's) Altitude is an Arch of the Azi- 


muth between the Sun and Horizon, as © B. 

2. Amplitude 1s an Arch of the Horizon, between 
Sun riſing and the Eaſt, or Sun fetting and the Weſt. 
3. Azimuth, is an Arch of the Horizon between 
the Sun's Azimuth Circle, and the North or South, 


as HB, or OB. Or it is the r at the Zenith, 
HZ B or OZ B. | 


4. Right Aſcention is an Arch of the Egustot be- 


tw-een the Sun's Meridian, and the firſt Point of A- 


ries, as FT K. 

5. Aſcentional Difference is an Arch of the Equi- 
Scl between the Sun's Meridian, and that Point of 
the Equlnoctial that riſes with him, or it is the Angle 
at the Pole between the Sun's and the Six o' Clock 
Meridian. 


6. Oblique Aſcenſion, is ; the Sum or 'DiGcronce of 


the right Aſcention and the Aſcentional Difference. 
7. Sun's Longitude, is an Arch of the Ecliptic, 
betmeen the Sun and firſt Point of Aries, as * O. 


D 2 nts. 
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8. Declination, is an Arch of the Meridian, be- 
tween the Equinoctial and the Sun, as © K. 

9. Latitude of a Star, is an Arch of a Circle of 
Longitude between the Star and Ecliptic. 

10. Latitude of a Place is an Arch of the Meridian 
between the Equinoctial and the Place. 

11. Diff. of Longitude on the Earth, is an Arch 
of the Equator between the Meridians of the two 
Places; or tis the . of the Pole between theſe Me- 
ridians. 

12. Hour of the Day is an Arch of the Equinocti- 
al between the Meridian of the Place and the Sun's 
Meridian, as E K, or it's the Angle they make at the 


Pole as EPO. 
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E P. TS © 
To projet? the Sphere upon the Plane of the Meridian, 


for May 1, 1747. Lat. 54%. at a Quarter paſt 9 0 


Clock before Noon. 


| I. By the Orthographic Projection. 
With the Chord of 60? deſcribe the primitive Cir- 


dle or Meridian of the Place HZ ON; thro' the 


Center C draw the Horizon HO ; ſet the Lat. 54+ 


from O to P and from H to p, and draw. P Pp the. 
6 o'Clock Meridian. Thro* C draw EQ perpendi- | 
cular to P for the Equinoctial. Make E D, Q4 


18* ;' the Declination May 1* and draw D d the Sun's 
Parallel for that Day. By Prop. XI. make © G 
(3+ Hours or) 48* 443 the Sun's Diſtance from the 
Hour of 6, then © 1s the Sun's Plane. Thro' ©, 
by Pr. V. draw A L parallel to H O for the Sun's pa- 


rallel of Altitude. By Prop. VII. draw the Meridian 


P © p and the Azimuth Z ON. Alfo the Ecliptic 


will be an Ellipſis paſſing thro O, which cannot con- 


veniently be drawn in this Projection. Alſo draw the 
Parallel Ss 18 below the Horizon, and where it in- 
terſects D d is the Point of Day-break, if there is any: 


Now _e Sun 1s at dat 12 o'Clock at Night, and riſes 
at 


ew ww  & 
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at R. at 6 o'Clock is at G, due Eaſt at E, at © a FIG. 


arter paſt 9, and is at D in the Meridian at 12 
o'Clock. = 

Draw G parallel to HO. Then GR meaſured 
by Prop. X. is 27* 14, and turn'd into Time (allow- 


ing 15 Deg. for an Hour) ſhows how long the Sun 
riſes before fix to be 1* 49”. GI meaſured by Prop. 


X. gives the Azimuth at ſix 79* 16', CR by Cor. Pr. 
X. gives the Amplitude 32? 19', and C F gives his 
Altitude when Eaſt 22* 257. FG 13* 287 (turn'd into 
time) ſhows 54 or how long after ſix he is due Eaſt. 
IO is his Altitude at fix 14* 38“. AH 41 57 is his 
Altitude at © or a Quarter paſt 9g; and OL mea- 
ſured by Pr. X. is his Azimuth from the North at the 


ſame time, 122%: 40'. And thus the Place of the 


Moon or a Star being given, it may be put into the 
Projection, as at Xx. And its Altitude, Azimuth, 
Amplitude, Time of riſing, &c. may all be found, as 
before for the ſun. | 


II. Stereograpbically. | 
To project the Sphere on the Plane of the Meridi- 


an, the projecting Point in the weſtern Point of the 


Horizon. With Cord of 60, draw the primitive Cir- 
cle HZ ON, and thro' C draw H O for the Horizon, 
and 2 N perpendicular thereto for the prime Vertical. 
Set the Latitude from O to P and from H to p, and 


draw Pp the fix o' Clock Meridian, and E Q perpen- 


dicular thereto for the Equinoctial. Make E D, Qd 
the Declination, and by Prop. XII. draw D Gd the 
Sun's Parallel for the Day. Draw the Meridian, 
POp by Pr. XVII. making an Angle of 41* 15 with 
the Primitive, to interſect the Sun's parallel in © the 
Sun's Place at gh. Thro' ©, by Prop. XII. draw 
the Parallel of Altitude A © L. Thro' © draw, by 
Pr. XVII. the Azimuth Z ON. And by Pr. XII. 
draw the Parallel $54 189 below the Horizon, if it 
cut Rad, gives the Point of Day break. And thro? 


G draw the Parallel of Altitude GI. Laſtly by 3 1 


52. 


53. 


\ 


PROJECTION 


FIG. XX. thro' © draw the great Circle Y © i cuting the 


53. 


54. 


Equinoctial E Q at an Angle of 23 30“, and this is 


the Ecliptic, Y the firſt Point of Aries, and that 
of Libra. 5 

This done 4 R meaſur'd by Pr. XXIII. is 62 46, 
ſhows the Time of Sun riſing. CR by Pr. XXII. is 


the Amplitude 32 197. GI 79% 16' by Pr. XXIII. 


the Sun's Azimuth at fix. IO 140 38“ his Altitude 
at ſix. CF 22* 25' by Pr. XXII. his Altitude when 
Eaft. GF 19* 28' the Time when he is due Eaſt. 
OB 41* 53' by Pr. XXII. his Altitude at a Quarter 
paſt 9. The (OZ 122? 4© by Pr. XXIV, his Azi- 
muth at that Time. Alſo Y ©, by Pr. XXII. is his 
Longitude 51* . Y K his right Aſcention, 48400. 

And the Place of the Moon or a Star being given, 
it may be put into the Scheme as at # ; and its Time 


of Riſing, Amplitude, Azimuth, &c. found as before. 


III. Gnomonically. ; 


To project the Eaſtern Hemiſphere upon a Plane 


parallel to the Meridian. About the Center of Pro- 


jection C deſcribe the Circle HO N with tangent of 


45 the Radius of Projection, for the Primitive. 
Thro* C draw the Horizon HO. And the Prime 
vertical Z N perpendicular thereto. Set the Lat. 555 
from H to a, and draw the 6 O'Clock Meridian Pp, 
and the Equinoctial E Q perpendicular to it. Set 
the Tangent of 48? 45 (equal to 34 Hours) from C 
to E, and by Pr. X, draw the Meridian EL paral- 
lel to Pp. Make Ee=Ea, and Ee©O=18* 5 the 
Sun's Declination, then by Pr. XI. © is the Sun's 


Place. Thro' O draw the Hyperbola-D Od (by 


Prop. XIV.) for the Sun's Parallel of Declination. 
And draw OB perpendicular to HO, for his Azimuth 
Circle. And draw GI perpendicular to H O, and 


RM, FT Pp. Alſo the Ecliptic is a right Line 


aſſing thro' O and cutting EQ at an Angle of 23 
300 which is difficult to draw in this Projection. Alſo 


by Pr. XIV. draw the Parallel Ss 187 below the Ho- 


I on, 


- Aa iv Ke SP ww. . mm Rood ==  iew.co irE.& ao E 3 


„ Hens yy i ch 


of te SPHERE, 


rizon, and if it interſects D d. it gives the Point of FIG. 


Sun riſe. Then if by Prop. XVIL or XI. you mea- 
fore GR, or rather CM, 27* 14, you have the Time 
of Sun-riſing; G For CT 13 287, the Time when 
he is due Eaſt. Alſo by Prop: XI. if you meaſure 
CR you have the Amplitude 325 197, CI the Com- 
olement of his Azimuth at fix, 10* 44. IG b 


51 


54. 


r. XII. his Altitude at fix 14 38“. CF his Alt; 


| tude when Eaſt, 22* 25. And by Pr. XI. GB 
41* 53, his Altitude a Quarter paſt 9. CB the Com- 
lement of his Azimuth at that Time, 32* 40. 
And the Place of the Moon or a Star being given, 
its Place in the Projection may be determined as be- 
fore, and all the Requiſites found. 


. e oe > WS OP - 
To projets the Sphere upon the Plane of the ſolſtitial Co- 
lure for Lat. 547. May 12th 1747. at 10 0 Clock in the 


Morning. 

| | Stereographically. 
The Projection of the weſtern Hemiſphere, the 
firſt Point of Libra the projecting Point. Deſcribe the 


ſolſtitial Colure P Ep Q, and the equinoctial Colure 


Pp perpendicular. to it; and thro* C draw the Equi- 
noctial E Q perpendicular to Pp. Set 23* 3o' from 
E to S and from Q to W and draw the Ecliptic S W. 
Set the Sun's Longitude 619 42' from C to ©, and 
thro' © draw P®Kp for the 10 o'Clock Meridian. 
Make K A (two Hours or) 30 and draw P Ap the 
Meridian of the Place. Set the Latitude of the Place 
347 from A to Z, and Z is the Zenith. About the 
Pole Z deſcribe the great Circle BHS for the Hori- 
zon of the Place. Thro' Z and © draw an Azimuth 
Circle ZOB; © 


Then you have OK the Sun's Declination 209 ": 4% 


CK his right Aſcention 59* 357. OB his Altitude at 
10 O'Clock 49 10. the C AZ G or PZ O his Azi- 
muth at 10=H B, 45 44. H the South Point of the 
Horizon. I the Point of the Ecliptic that is in the 
Meridian. T the Point of the Ecliptic that is ſeting 
in the Horizon. EX - 
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54 
* rallel to the Horizon. With the Radius of Projecti- 


PROJECT ION, &. 


N EF. 1th 


To projet? the Sphere on the Plane of the Horizon, 
Lat. 35%, N. July 20th 1747. at 10 O'Clock, 


| | Gnomonically. 
To project the upper Hemiſphere on a Plane pa- 


on and Center C, deſcribe the primitive Circle ADB 
Thro' C draw the Meridian PE, and AS perpendi- 
cular to it for the prime Vertical. Set off CP 352 
the Lat. and P is the N. Pole, and perpendicular to 


C draw Pp the ſix o' Clock Meridian. Set the Com- 


plement of the Lat. from Cto E. And draw EQ 
perpendicular to E C for the Equinoctial. Make E B 
30? (or 2 Hours) and draw the 10 O Clock Meridian 
PB. Set the Sun's Declination 18* 27 from B to ©. 
And © is the Place of the Sun at 10 o'Clock. Thro? 


O draw the Azimuth Circle CQ. Likewiſe thro? 


© a parallel to the Equinoctial EQ may eaſily be 
deſcribed by Pr. XV. for the Sun's Parallel that Day. 

Then C © meaſured by Prop. XI. is 31* 3o' the 
Complement of the Altitude. And the Angle ECO 
meaſured by Cor. Prop. XII. is his Azimuth, 65˙ 100%. 

Cor. After this manner may any Problems of the 
Sphere be ſolved by any of theſe Projections, or upon 
any Planes, but upon ſome more commodiouſly than 
upon others. And if in a ſpherical Triangle any ſides 
or Angles be required, they may be projected accord- 
ing to what is given therein, according to any of theſe 
Kinds of Projection before delivered; and it will be 


| moſt eaſily done, when you chuſe ſuch a Plane to pro- 


ject on, that ſome given Side may be in the Primiti- 
tive, or a given Angle at the Center : And then you 
need. draw no more Lines or Circles than what are 


Immediately concerned in that Problem. But always 


chuſe ſuch a Plane to proje& on, where the Lites and 
Circles are moſt eaſily drawn, and fo that none of them 
run out of the Scheme. | 
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